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Abstract

This paper considers the application of multiscale FEM to the modeling of cancellous bone as an
alternative for Biot’s model, whereby the main intention is to decrease the extent of the necessary
laboratory tests. At the beginning the paper gives a brief explanation of the multiscale concept and
thereafter focuses on the modeling of the representative volume element (RVE) and on the calculation
of the effective material parameters including an analysis of their change with respect to increasing
porosity. The latter part of the paper concentrates on the macroscopic calculations, which is illus-
trated by the simulation of ultrasonic testing and a study of the attenuation dependency on material
parameters and excitation frequency. The results endorse conclusions drawn from the experiments:
increasing excitation frequency and material density cause increasing attenuation.

1 Introduction
In recent times, the investigation of the effective properties of cancellous bone has been especially in-
tensive as it may lead to the early detecting of osteoporosis [1]-[3],[6]-[10],[15]-[16],[37]-[38]. This
pathological process manifests itself through increasing bone resorption and decreasing bone produc-
tion. In its late stage, even entire walls of the solid bone frame disappear leading to abrupt decrease
of material strength. The laboratory measurements show that during the process porosity increases
from 72% up to 95% causing the density to change from 1200 to 1000 kg/m3.
The mechanical modeling of cancellous bone is influenced especially by the fact that this kind of ma-
terial contains two phases: the solid bone and the fluid marrow. In order to activate the viscous effects
in the latter, the dynamic interrogation and particularly periodic sound excitation are characteristic
for its investigation [12, 13]. While in laboratories, for this purpose, mostly ultrasonic attenuation
tests are used, the present paper considers the results of computer modeling and application of the
multiscale FEM.
Within the paper, the procedure and obtained results are presented as follows: Chapter 2 considers the
multiscale FEM which is a method resulting from the coupling of homogenization theory with FEM.
Particular attention is given to derivation of boundary conditions at the microlevel.
Chapter 3 focuses on calculations at microscale. It first explains the concept of the RVE additionally
giving some further details about the modeling of the solid and fluid phase. The standard as well as
the extended formulation of the shell element and 8-node cubic element are described. The extension
concerns modeling in the complex domain where the imaginary part is responsible for the internal
material friction. Furthermore effective elasticity tensors and parameters are studied. Attention is
drawn to their change with respect to increasing porosity which is simulated changing the geometry
of the RVE.
Chapter 4 concentrates on macroscale simulation where the ultrasonic attenuation test is used for il-
lustration. In this chapter, the details about the model and results of a standard test are described.
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The final simulations concern the calculation of the attenuation coefficients and an analysis of their
dependence on material properties and excitation frequency. The paper closes with a short overview
and outlook.

2 Concept of the multiscale FEM
Multiscale FEM belongs to the group of homogenization methods so that it is applicable only in the
case of statistically uniform materials [24]-[25],[29],[32]-[34],[36]. For this kind of materials, it is
typical that they possess a representative volume element (RVE) whose analysis yields the effective
material parameters, but the limiting condition is that the ratio of the characteristic lengths of RVE
and the simulated body has to tend to zero. This is from where the usual terminology macro- and
microscale is derived. As both scales are analyzed simultaneously, the standard notation distinguishes
between quantities related to the different scales by introducing an overbar symbol. Thus position
vector, displacements vector, strain tensor, stress tensor, and potential respectively are denoted by

x̄, ū, ε̄, σ̄, ψ̄= ψ̄(ε̄, x̄) at the macrocontinuum, (1)

x, u, ε, σ, ψ=ψ(ε,x) at the microcontinuum. (2)

The method is based on the principle of volume averaging, leading to the definition of the macrostress
tensor in the form

σ̄ =
1

V

∫

B
σdV

where the integration is carried out over the RVE B, with the volume V . The well-posedness of
the problem on the microscale still requires the equality of macrowork with the volume average of
microwork

σ̄ : ε̄ =
1

V

∫

B
σ : ε dV (3)

which is known as Hill-Mandel macrohomogeneity condition [17]-[19],[22]-[23],[27]. Expression
(3) is satisfied by three types of boundary conditions at the microlevel: static, kinematic, and periodic
ones, but the latter are the most appropriate for simulation of the cancellous bone due to its periodic
microstructure. In this case the microdeformation, is assumed to be dependent on the macrostrain
tensor ε̄ and on the microfluctuations ũ

u = ε̄x + ũ. (4)

Now microfluctuations have to be periodic and traction antiperiodic on the periodic boundary of the
RVE

ũ+ = ũ−,

t+ = − t−

and the additive decomposition is characteristic for the microstrain tensor

ε = ε̄ + ε̃, ε̃ =
1

2
(∇ũ + ũ∇) = ∇sũ. (5)

Such a decomposition permits to split the problem of simulation of a heterogeneous body into two
parts, each consisting of one boundary value problem (BVP). The first BVP relates to the simulation
of the homogenized macroscopic body and the second one to the analysis of the RVE.



For solving these two BVPs, any standard method can be applied and FEM is chosen here for
this purpose. Moreover, using the described theory and standard program FEAP, a new multiscale
FE program is written. Its main difference in comparison with a standard FE program code is that
calculations at the microlevel replace the missing effective constitutive law at the macroscale (Fig. 1).

Global FE Analysis - Macrolevel

↓ ε̄

1. ε̄ is given

2. Calculation of ũ as a solution of

BVP on the RVE.

(Standard FE-principles in B.)

3. Calculation of σ̄ as a volume average:

σ̄ =
1

V

∫

B
σdV, C̄ =

∂σ̄

∂ε̄

↓ σ̄, C̄
Global FE Analysis - Macrolevel

Figure 1: Connection of scales in the program code.

The simplified flow chart (Fig. 1) shows that macroscale calculations provide the macrostrain
tensor ε̄ which has to be understood as a priori given at the microlevel. Solution of the BVP at this
level results in distributions of the microfluctuations ũ and of the microstresses σ whose volume
average represents the sought counterpart on the macrolevel σ̄. The calculations at this level also
supply the elasticity tensor C̄. In contrast to the case of finite deformations, this tensor has to be
calculated only once as it is independent from the deformation state.

3 Microscale: Modeling of the RVE and calculation of the effec-
tive material properties

3.1 Modeling of the RVE for cancellous bone
The right choice of the RVE is an important requirement for the multiscale FEM to work well. In the
case of the cancellous bone, a cube-shaped RVE consisting of solid frame and fluid core is chosen
within this work. The solid part consists of thin walls so that the complete geometry of RVE can be
described by three parameters: side length a, wall thickness d and wall width b. Figure 2 shows an
example of the real microstructure of cancellous bone affected by osteoporosis, and a proposal for the
corresponding RVE.

To calculate the effective material parameters, a dynamic analysis of the proposed RVE is nec-
essary, and periodic excitation is preferable because of its simplicity. In such a case, the load and
induced deformations are harmonic functions in time

p(x, t) = p(x)eiωt, u(x, t) = u(x)eiωt, (6)



Figure 2: Real bone microstructure and corresponding RVE.

where p and u may be complex-valued, ω is the frequency of excitation and i represents the imaginary
unit. The application of (6) yields the simplified form of the equation of motion

ρü(x, t)−∇·σ(x, t) = ρb(x, t) → −ω2ρu(x)−∇·σ(x) = ρb(x)

depending on density ρ and body forces b. To describe the problem completely, the constitutive laws
of the fluid and solid phase still need to be stated precisely. Regarding the bone material, a linear
analysis is typical so that for the solid part a linear relation between stresses and strains (8) and for
the marrow the constitutive law of barotropic fluids (10) are assumed. The state of deformations in
the solid part Ωs can now be described by the system

−ω2ρsu−∇·σs = ρsb(x), (7)

σs = C : ε (8)

and in the fluid part Ωf , by:
−ω2ρfu−∇·σf = ρfb(x), (9)

σf = c2ρf ∇·u I + 2iωη ε + iωξ∇·u I. (10)

Here C is the elasticity tensor of the solid phase, c the sound velocity of the marrow so that c =√
K/ρf , K is the bulk modulus, η and ξ are the viscosity coefficients. The indices s and f are used to

distinguish the phases. Furthermore, the coupling condition between the phases requires that there is
no deformation jump on the interface of phases

uf = uf on Γ = Ωs ∩ Ωf . (11)



Recall that all the expressions (7)-(11) are defined in the complex domain. The material parameters
of the solid phase, bulk modulus Ks and shear modulus µs are also complex-valued an they can be
written in the form

Ks = KR
s + iKI

s , µs = µR
s + iµI

s (12)

where the imaginary parts are related to the real ones according to

KI
s =

δ

π
KR

s , µIs =
δ

π
µR

s , (13)

and δ denotes the logarithmic decrement amounting to 0.1 for underwater acoustics [8]-[10]. Remain-
ing material parameters appearing in the constitutive laws defined above, are listed in Table 1.

Parameter Symbol Value Unity
Pore fluid density ρf 950 kg m−3

Fluid bulk modulus Kf 2.00× 109 Pa
Pore fluid viscosity η 1.5 Ns m−2

Frame material density ρs 1960 kg m−3

Bulk modulus of the solid phase (real part) KR
s 2.04× 1010 Pa

Shear modulus of the solid phase (real part) µR
s 0.833× 1010 Pa

Table 1: Parameters for cancellous bone.

3.2 Modeling of the solid phase
Due to the geometric properties, we are going to model the solid phase by using the shell elements
(see for example[11]). But as the shell elements already implemented in the program FEAP [35]
are not applicable for simulations in the complex domain, further adaption has been necessary. In
particular we focused on the extension of an element convenient for simulation of flat and shallow
shells. The formulation of this element is based on the superposition of the linear theory for a plate
loaded in its plane and a plate loaded by bending, whose potentials are

Πe
p = Πe,int

p + Πe,ext
p =

1

2

∫

Ae

uT ·LT
p ·Cp ·Lp ·u da+ Πe,ext

p , (14)

Πe
b = Πe,int

b + Πe,ext
b =

1

2

∫

Ae

θT·LT
b ·Cb ·Lb ·θ da+ Πe,ext

b . (15)

Hereafter subscript p is taken to denote the plate loaded in its plane and subscript b for the bending
of plate. Lp and Lb are linear operators and Cp and Cb material tensors whose precise definition can
be found in the literature [5, 19, 28, 30, 35]. The integration is carried out over the middle area of the
elementAe. As expression (14) depends on the displacements up = {u v}T and (15) on the rotations
θ = {θx θy}T, a FE approximation

um = Nm ·âme, (16)

um =
{
u v θx θy

}T
, âm

i =
{
ûi v̂i θ̂zi ŵi θ̂xi θ̂yi

}T
(17)



leads after substitution into the first variation of (14) and (15) to the weak form of the problem

δΠe = (δâme)T ·
(∫

Ae

(Nm)T ·LT ·C ·L·Nm da

)
·âme + δΠe,ext, (18)

= (δâme)T ·
(∫

Ae

(Bm)T ·C ·Bm da

)
·âme + δΠe,ext. (19)

In expressions (16) and (17), Nm represents the matrix of the shape functions, and superscript m
indicates that a modified approximation is used (θ̂zi and ŵi are used in the approximation of the
vector u). The symbol âme relates to the vector of the element DOFs and âm

i to the vector of the nodal
DOFs. The matrices appearing in (19) are composed as follows

L =

[
Lp 0

0 Lb

]
, Bm = L·Nm, C =

[
Cp 0

0 Cb

]
(20)

Note that the described element [28, 35] is also adapted to structures with small curvature by intro-
ducing correction factors in which case the formulation, in contrast to (20), becomes coupled. The
weak form of the problem (19) finally results in the discretized equilibrium equation of an element
dependent on the stiffness matrix Ke and the vector of nodal forces f e

Ke ·âm e = f e. (21)

The application of the element in the dynamic case also requires to include the kinetic energy Ek

Ek =
1

2

∫

Ω

ρ u̇T ·u̇ dv, (22)

and its variation

δ

∫

t

Ek(u̇) dt = −
∫

t

∫

Ω

ρ δuT ·ü dv dt = ω2

∫

t

∫

Ω

ρ δuT ·u dv dt. (23)

As this expression only depends on the acceleration and indirectly on the displacements, a simplified
FE approximation is introduced here:

u = N·âm e, u =
{
u v w

}T
, âm

i =
{
ûi v̂i θ̂zi ŵi θ̂xi θ̂yi

}T
. (24)

Substitution of (24) in (23) and using (22) now leads to the discretized equation of motion including
the mass matrix Me

(
−ω2Me + Ke

)
·âm e = f e, Me =

∫

Ωe

ρNT ·Ndv.

The final extension from the real to the complex domain includes steps similar to those previously de-
scribed. As here the displacements and the rotations poses the imaginary counterparts, the following
approximations have to be used instead of (16), (17) and (22)

um
c =

{
(umR)T i(umI)T

}T
, uc =

{
(uR)T i(uI)T

}T
, (25)

âm e
c =

{
(âeR)T i(âeI)T

}T
, (26)



um
c = Nm

c ·âm e
c , Nm

c =

[
Nm 0

0 Nm

]
, (27)

uc = Nc ·âm e
c , Nc =

[
N 0

0 N

]
. (28)

Here the real and imaginary DOFs of an element are grouped separately, which is convenient for fur-
ther derivations. The index c denotes the complex quantities. Due to the complex material parameters
(13) the elasticity tensor also has complex form with the real and imaginary submatrices dependent
on the real and imaginary part of Young’s modulus and Poisson’s number

Cc =

[ CR iCI

iCI CR

]
, CR = C(ER, ν), CI = C(EI, ν). (29)

Here, equation (13) and standard relations between material parameters may be used to show that
EI = δ

π
ER and that the imaginary part of Poisson’s ratio is equal to zero. The implementation of

(27), (28) and (29) into complex counterparts of (18) and (23) now gives the complex form of the
equation of motion (

−ω2Me
c + Ke

c

)
·âm e

c = f e
c (30)

dependent on the following quantities

Me
c =

∫

Ωe

ρNT
c ·Nc dv =

[
Me 0
0 Me

]
, Ke

c =

∫

Ae

(Bm
c )T ·C ·Bm

c da =

[
KeR iKeI

iKeI KeR

]
,

Bm
c = Lc ·Nm

c =

[
Bm 0

0 Bm

]
, Lc =

[
L 0

0 L

]
. (31)

Note that in the present model the imaginary parts of the elasticity tensor are used to introduce the
attenuation effects, while, in the engineering practice, Rayleigh damping is applied for it. According
to this approach an additive decomposition of the damping matrix into two parts proportional to the
mass matrix and stiffness matrix is assumed [4, 35].

3.3 Modeling of the fluid phase
An extension to the complex domain is also necessary for the 8-node cubic element chosen to simulate
the marrow part. As in this case the derivation procedure is much simpler, it can be started directly
using the complex form of the potential characteristic for this element

L =
1

2

∫

Ω

ρ u̇Tc ·u̇c dv −
1

2

∫

Ω

εc · Cc · εc dv − Πext. (32)

Here the vector of the complex displacements

uc =
{

(uR)T i(uI)T
}T

=
{
uR vR wR i uI i vI i wI

}T
(33)

has to be approximated in the following way:

uc = Nc ·âe
c, âe

c =
{

(âeR)T i(âeI)T
}T

, (34)



âR
i =

{
ûR v̂R ŵR

}T
, âI

i =
{
ûI v̂I ŵI

}T
, Nc =

[
N 0

0 N

]
(35)

and N represents the matrix consisting of the shape functions typical for the standard 8-node element
of the program FEAP [4, 35]. By using approximation (34) and the complex elasticity tensor based
on (10), the variation of (32) becomes

−ω2(δâe
c)

T ·
(∫

Ωe

ρNT
c ·Nc dv

)
· âe

c + (δâe
c)

T ·
(∫

Ωe

NT
c ·LT

c ·Cc ·Lc ·Nc dv

)
· âe

c + δΠe,ext = 0

yielding the equation of motion (
−ω2Me

c + Ke
c

)
·âm e

c = f e
c (36)

Although the same notation is used as in the case of shell element (30), all the quantities appearing
here are defined in a different manner, corresponding to the solid element.

3.4 Summary of the equations defining the BVP on the microlevel
Let us for convenience summarize the description of the RVE

(−ω2Ms + Ks)·ãs = fs(ε̄) in Ωs, (37)

σs = C : ε in Ωs, (38)

(−ω2Mf + Kf)·ãf = ff(ε̄) in Ωf , (39)

σf = c2ρf ∇·u I + 2iωη ε + iωξ∇·u I in Ωf , (40)

[ũ] = 0 on Γ = Ωs ∪ Ωf , (41)

ũ+ = ũ− on ∂Ω. (42)

Here again the indices s and f are used for different phases. In the equations of motion (37) and (39)
the volume forces are neglected but the influence of macrodeformation is introduced. On opposite
faces of the RVE, microfluctuations must be periodic due to the Hill-Mandel macrohomogeneity
condition (42). As defined in Chapter 3.1, equations (38), (40) are constitutive laws and (41) is
coupling condition.

3.5 Effective elasticity tensor - output from the microscale
The final results of the microscale calculations is the effective elasticity tensor. In the theory of linear
hyperelasticity this tensor is defined as the second derivative of the potential functional ψ(ε̄) with
respect to the infinitesimal strain tensor or equivalently, the first derivative of the Cauchy stress tensor
with respect to the same tensor

C̄ =
∂2ψ(ε̄)

∂ε̄2
=
∂σ̄

∂ε̄
. (43)

In our case, due to the heterogeneity of the material, an analytic expression for the stress is not
available so that the numerical interpretation of (43) is necessary. Bearing in mind the vector notation
for stresses and strains, typical for FE

σ̄ = {(σR)T i(σ̄I)T}T, (44)



(σR)T = {σR
11 σ

R
22 σ

R
33 σ

R
12 σ

R
23 σ

R
13}, (σI)T = {σI

11 σ
I
22 σ

I
33 σ

I
12 σ

I
23 σ

I
13} (45)

ε̄ = {(εR)T i(ε̄I)T}T, (46)

(εR)T = {εR11 ε
R
22 ε

R
33 2εR12 2εR23 2εR13} (εI)T = {εI11 ε

I
22 ε

I
33 2εI12 2εI23 2εI13} (47)

the numerical interpretation of (43) can be written

C̄ij ≈
1

ε
[σ̄i(ε̄

ε j)− σ̄i(ε̄)] (48)

where ε̄ε j is perturbated strain tensor so that ε̄ε ji = ε̄i for i 6= j and ε̄ε ji = ε̄i+ε for i = j, i, j = 1, ...12.
ε is a small perturbation. The whole elasticity tensor C̄ is now of the dimension 12x12 and it consists
of two real and two imaginary submatrices (form analogous to (29)).

Repeating calculations based on (48) for different geometries of the RVE, it is possible to study the
change of material strength caused by the process of osteoporosis. Three groups of tests can be
performed as three parameters determine the RVE geometry defined in Chapter 3.1. In each of the
groups one of the geometry parameters is varied while the other ones are kept constant. The diagrams
in Figure 3 show the change of two terms of the elasticity tensors, C11 and C12, with respect to the
porosity. The increasing porosity is simulated by changing the wall width b in the range from 0.2
to 0.125 mm, whereby the thickness of the solid wall d amounts to 0.1 mm as a first case and 0.05
mm as a second one. Side length a is 1 mm in both cases. Except the parameters given in Table 1
the remaining values used are logarithmic decrement corresponding to the sound motion through the
bone δ = 0.1, viscosity coefficient ξ = 0, and excitation frequency 100 kHz. The change of terms C17

and C18 belonging to the imaginary part are shown in Figure 4.

Figure 3: Change in the real components C11 and C12 of the elasticity tensor with increasing porosity.
The solid wall thickness d takes the values 0.1 and 0.05 mm.

Finally, since experimental investigations have shown that the disappearing of the complete solid
walls has the strongest influence on the decrease in material strength, such a process was simulated,
too. According to the measurements in [20], osteoporosis causes an increase of the spacings of the
solid walls from 0.471 to 2.2 mm which is simulated by increasing the side length of the cube-shaped
RVE, thereby the wall thickness is kept at d=0.05 mm and wall width at b = a/6. The results are
presented in Figure 5 where the abscissas are side length and porosity respectively. The latter diagram
shows that with increasing porosity both terms of the elasticity tensor tend to the value 2000 N/mm2,
which corresponds to the limiting case of pure marrow.



Figure 4: Change in the imaginary components of the elasticity tensor C71 and C81 with increasing
porosity for different thicknesses of the solid wall d.

Figure 5: Change in components C11 and C12 with increasing spans a and corresponding porosity.
Width of solid wall b = a/6.

3.6 Effective material parameters
The calculated effective elasticity tensors further permit the evaluation of the effective material param-
eters, which will be presented in the following example. For the RVE determined by the parameters
a=1 mm, d=0.05 mm, b=0.25 mm, the real part of the elasticity tensor is given by (49) and it corre-
sponds to the cubic material symmetry in which case the compliance tensor has a form shown in (50)
with the shear modulus G. Obviously, calculating the inverse matrix of (49), the material parameters
can be directly evaluated.

CR =


3927.9 1959.5 1959.5 0 0 0
1959.5 3927.9 1959.5 0 0 0
1959.5 1959.5 3927.9 0 0 0

0 0 0 272.9 0 0
0 0 0 0 272.9 0
0 0 0 0 0 272.9


[

N
mm2

]
(49)



S =



1
E
− ν
E
− ν
E

0 0 0

− ν
E

1
E
− ν
E

0 0 0

− ν
E
− ν
E

1
E

0 0 0

0 0 0 1
G

0 0

0 0 0 0 1
G

0

0 0 0 0 0 1
G

 (50)

A further topic of interest is to follow the influence of osteoporosis on effective material behavior. To
this end, the effective material parameters are calculated for the effective elasticity tensors mentioned
in the previous section. In Figure 6, the results corresponding to the RVEs with wall width b in the
interval 0.25-0.125 mm and wall thickness d=0.1 mm and d=0.05 mm are considered. The side length
a=1 mm is kept constant.

Figure 6: Change in the real part of effective material parameters versus porosity.

Dependence of Young’s modulus and shear modulus on porosity is a smooth, monotonically de-
creasing function while Poisson’s ratio shows opposite behavior: it increases with increasing porosity.
Young’s modulus takes the values in the interval 4163.74-1417.17 N/mm2, the shear modulus 477.82-
32.55 N/mm2 and Poisson’s ratio 0.266-0392 for the density 1263-1067 kg/m3.

3.7 Analysis of the dry skeleton
As the standard literature [1]-[3],[15, 26, 31],[37]-[38] mostly investigates the effective elasticity pa-
rameters of the pure solid phase, for the purpose of comparison, the calculations described in Chapter
3.4 are repeated for the RVE without marrow core (Fig. 2). In this case, in the system (37)-(42),
equations related to the solid phase and Hill macrohomogeneity condition stay active while the equa-
tions related to the liquid phase and coupling condition have to be left out. The final results at the



microlevel are again effective elasticity tensors and material parameters. Here only the change in
Young’s modulus with respect to porosity will be considered in more detail (Fig. 7).

Figure 7: Change in Young’s modulus over porosity for the dry skeleton.

The calculations show that in the case of wall thickness of 0.1 mm, the effective Young’s modulus
takes the values 3576-1883 N/mm2 while for a wall thickness of 0.05 mm, the values are between
2114 and 1050 N/mm2. These results agree well with the results obtained by Ashman [3], who found
using ultrasonic tests, that the structural elasticity modulus of cancellous bone has the values in the
interval 2110-985 N/mm2.

4 Macroscale: Simulation of the ultrasonic test

4.1 Ultrasonic attenuation test
While the previous discussion concentrates on the modeling of the RVE as well as on the calculation
of the effective material parameters, the main topic of the following part will be the application of
the method developed to the simulation of the behavior of the whole bone or of its parts. This task
belongs to the domain of macroscale calculations and a simulation of the ultrasonic attenuation test is
chosen for an illustration.

The set-up of such a test carried out by Hosokawa-Otani [16] is shown in Figure 8. Here a
transmitter and hydrophone are submerged in distilled water at 23 ± 0.5◦C and the bone specimen
is placed between them. The chosen frequency bandwidth of excitation waves is 0.5-5 MHz. The
test uses samples measuring 20-30 mm, with two different thicknesses d1=9 mm and d2=7 mm. The
samples are chosen to represent the different types of cancellous bone whose densities vary in the
range of 1120 - 1200 kg/m3. Before proceeding to the experiments, the samples are saturated with
water in order to remove air bubbles formed in the process of preparation. Using such a test, wave
speed v and attenuation α can be calculated according to the standard expressions [16]:

v =
∆d v0

∆d− (∆φ/ω)v0

(=)
mm

s
, (51)

α =
ln ∆V

∆d
(=)

Np
mm

(52)



Figure 8: Laboratory test of A. Hosokawa and T. Otani [16].

where ∆d represents the difference in thickness ∆d = d1 − d2, v0 is the propagation speed in water,
∆φ is the phase difference, ω the frequency of initial signals and ∆V is the ratio of amplitude spectra
for two different thickness ∆V = V 2

V 1
.

4.2 FEM model of the ultrasonic test
In the FE modeling of the described test, we start from the fact the applied sound excitation is given by
a harmonic function in time p̄(x, t) = p̄(x)eiωt, causing periodic displacements ū(x, t) = ū(x)eiωt.
The problem which has to be solved is than summarized as it follows:

−ω2ρ̄ ū(x)− ∇̄·σ̄(x) = 0, (53)

σ̄(x) = C̄ : ε̄(x), (54)

ū(x) = ū∗(x) on ∂B̄u, σ̄(x) · n̄(x) = p̄(x) on ∂B̄p. (55)

Here in the equation of motion (53) volume forces are neglected, and the only external load is due
to the sound pressure acting on the boundary part ∂B̄p, ū∗(x) are displacements given on the Dirich-
let boundary part ∂B̄u. The constitutive law (54) depends on the effective elasticity tensor C̄ ob-
tained from the microscale. As stated at the beginning, the overbar denotes quantities related to the
macrolevel.

Concerning the geometrical properties of the FE model, the following remarks are necessary.
First, as the water in the original test is used only as a transmitter whose attenuation can be neglected,
in the FE model, consideration has to be given only to the behavior of the sample. Second, as the
sound wave is longitudinal, the whole simulation may be considered as a 2D problem of wave propa-
gation through the thin slice of the sample (Fig. 9). Moreover, the displacements in x2 direction at all
points have to be suppressed, while the results will show that displacements in x3 direction are of an
order smaller than those in x1 direction, which fits in with the nature of sound waves.

The dimension of the sample transversal to the direction of wave propagation is assumed to be
50 mm, which in any case is greater than the wavelength of the excitation sound waves (see Ch. 4.3).
Two kinds of boundary conditions are simulated at the top and the bottom of the specimen. In the
first case, it is presumed that all displacements at all points on these two boundaries are constrained.



Figure 9: Model for FEM simulation of wave propagation through cancellous bone.

In the second case, only the middle points on the top and bottom boundary are supported. The results
show that the type of boundary conditions on these two boundaries does not influence the results.

The size of the specimen in the direction of wave propagation is chosen as 30 mm. The discretization
of the sample and applied load are shown in Figure 9. Here the number of elements is 100x50. The
thickness in the direction ”2” is 0.5 mm. The sound pressure p=8 kPa acts on the left boundary of the
sample. The diameter of the pulser is assumed to be 10 mm. The last few parameters (thickness of
the specimen, pressure and diameter of the transmitter) are chosen arbitrarily as they do not have any
significant influence on the simulation.

4.3 Test example
The velocity of wave propagation through the solid bodies is dependent on the material properties but
also on the shape of the body and especially on its dimensions. In particular there are two kinds of
sound velocity to be distinguished: the wave velocity through the bounded medium, also known as
the bar velocity (cb) and the velocity through the unbounded medium (cu). Here, the term ”bounded”
means that cross-sectional dimensions of the sample, transverse to the direction of wave motion, have
to be smaller than the wavelength. The mentioned velocities are defined by the following expressions
[3, 21]

cb =

√
E

ρ
, (56)

cu =

√
λ+ 2µ

ρ
. (57)



where λ and µ are the Lamé parameters. Observation is that the velocity in unbounded medium
becomes greater than in the bounded one. In scope of biomechanics, equation (57) appears often in
the form C11 = ρc2

u whereby C11 represent the 11-component of the elasticity tensor [31].

Figure 10: Wave propagation through cancellous bone with an RVE geometry determined by the
parameters a=1 mm, d=0.1 mm, b=0.25 mm. Assumed excitation frequency 0.6MHz.

Using the results from Chapter 3.6 and the expressions (56) and (57) the wave velocities through
the cancellous bone can be calculated and used as a check of the FEM simulations. This is illustrated
by an example where consideration is given to the wave propagation through the homogenized bone
with an RVE geometry determined by the parameters a=1 mm, d=0.1 mm and b=0.25 mm. The
model shown in Figure 9 corresponds to the case of an unbounded medium, so that the expected wave
velocity amounts to cu = 2021.69 m/s. For an arbitrarily chosen excitation frequency f=0.6 MHz, the
expected wavelength is 3.37 mm. The results of the FEM simulation shown in Figure 10 endorse such
expectations as the resulting wavelength λ is approximately 3.24 mm (9.25 wavelengths on the length
of sample which amounts to 30 mm). The wavelength is connected to velocity c and frequency f by
the relation λ = c/f . An additional check looks at the amplitude of particle oscillations u related to
wave pressure p by using expression

u =
p

2πfcρ
. (58)

This relation can be derived using the definition of the wave impedance and belongs to the basics of
acoustic theory [14]. By using (58), it can be shown that the approximate particle amplitude for the
example discussed in this section has the value 8.32 · 10−7mm, which agrees with the displacement
values shown in Figure 10.

4.4 Wave attenuation
The last group of simulations considers the analysis of wave attenuation. Here the propagation of
waves of different frequencies through samples with different material parameters is simulated in



order to check the experimentally obtained result that increasing excitation frequency and material
density cause increasing attenuation.

Firstly, consideration is given to the influence of increasing excitation frequency on bone behav-
ior. To this end the type of material microstructure in the simulations is fixed, and sound excitation
at different frequencies is applied. As the influence of attenuation is more noticeable in the case of
higher frequencies, excitation is simulated in the domain 0.9-1.7 MHz. The microstructure is chosen
according to the geometry of the RVE determined by the parameters a=1 mm, b=0.25 mm and d=0.05
mm (ρ=1136 kg/m3). The results of the simulations are shown in Figure 11 where the stronger atten-
uation obviously corresponds to higher frequencies.

The study of the relationship between attenuation and density is more complicated than of the influ-
ence of excitation frequency. This can be expected, because the RVE geometry presented in Chapter
3.1 is determined by three parameters (wall thickness d, wall width b and side length a). Correspond-
ingly, three different types of tests can be carried out. In each group of tests, two of the geometrical
parameters have to be kept constant and the remaining one is varied. For illustration, the results ob-
tained by changing the wall width are shown in Figure 12. The results are obtained by investigating
materials with RVE such that a=1 mm, d=0.05 mm and the width of wall b takes the values 0.25-
0.125 mm. Figure 12 shows that decreasing density causes decreasing attenuation. Similar results are
obtained for the decreasing density caused by the decreasing wall thickness or increasing side length
[19].

From Figures 11 and 12, the conclusion can be drawn that the numerical simulations endorse ex-
perimental results: the greater excitation frequency and sample density correspond to the greater
attenuation. The numerical values attenuation are obtained by using expression

α =
ln ∆V ′

∆d′
(59)

where, in the contrast to (52), ∆V ′ represents the ratio of the amplitudes at two points of the same
sample, laying at the same horizontal level, but with the distance ∆d′ amounting to the integer number
of the wave lengths. The obtained values amount on average to 0.115-0.225 Np/cm, which is approx-
imately the same as if they would be obtained by superposition of the attenuation due to the solid
frame and fluid core separately. However the values are smaller than those obtained experimentally.
This can be explained by the missing traction term at the phase interface which is at the same time,
an idea for a possible improvement of the model in the future work.



Figure 11: Wave propagation of sound waves of different frequencies through the bone whose geom-
etry of RVE is determined by the parameters a=1 mm, b=0.25 mm and d=0.05 mm.



Figure 12: Wave propagation of the wave of frequency 1MHz in the case that material microstructure
is determined by the parameters a=1 mm and d=0.05 mm. The width of the solid wall is changeable
taking the values 0.25, 0.1667, 0.143 and 0.125 mm.



5 Conclusions
The main intention of this paper was to present the application of the multiscale FEM to the modeling
of cancellous bone. We consider an RVE simulation of osteoporosis manifesting through increas-
ing porosity. The main results show that Young’s and shear modulus decrease monotonically and
Poisson’s ratio decreases with increasing porosity. For the tests with the constant unit side length
of the RVE, the values of Young’s modulus are in the interval 4163.74-1417.17 N/mm2 and of the
shear modulus 477.82-32.55 N/mm2. Poisson’s ratio amounts to 0.266-0.392. The calculations are
repeated also for the pure skeleton, and theses results are compared with the experimentally obtained
ones, showing an excellent agreement. The Young’s modulus in this case amounts to 2114-1050
N/mm2 for d=0.05 mm.

The second part of the paper concentrates on macroscale calculations and particularly on the simu-
lation of the ultrasonic attenuation test. To this and the wave propagation through the two-dimensional
FE model of the sample is simulated. In the different tests, the excitation frequency as well as the geo-
metrical properties of the RVE are varied. The results obtained in this phase endorse the experimental
findings that increasing density and excitation frequency cause an increasing attenuation coefficient,
but the numerical values show departure from those obtained experimentally. This, of course, moti-
vates further improvement of the RVE, whereby an idea is to change the coupling condition on the
phase interface and to introduce the contact friction. As the solid frame has a great specific surface
this contribution may have an important influence. Furthermore, an optimization of the RVE geom-
etry for the purpose of possible simplification as well as a more comprehensive comparison with the
experimental results are envisaged.
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